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1 Nomenclature

Italic is used for scalars: g, @, K. Bold maths is used for rank 2 tensors: I,
o, €. Script is used for rank 4 tensor: €, D, J, J¥™,



‘" denotes dot product, single contraction: T = o0 -n <= Tj"L = Oyjny
(surface traction).

‘> denotes double product, double contraction: S: S = S;;Sy;.

‘®’ denotes tensor product: I ® I = 8;0x;.

Latin
A void nucleation parameter
Cup matrix of coefficients, c;é =dxp — 0h/0Hp
D the linearisation moduli
f, fc,ff void volume fraction; critical, and at fracture
f* bilinear function for void coalescence simulation
3 value of f* at zero stress
N fraction of void nucleating particles

G shear modulus

g flow potential

Hy scalar state variables, x =1,...,m

I rank 2 identity tensor, 0y

J Jacobian matrix of partial derivatives

J rank 4 identity tensor, 0i1dj1

Jsym symmetric rank 4 identity tensor, % (61k6j1 + 6116jk)
compression modulus

M plastic tangent tensor, part of the linearisation moduli

m number of solution dependent state variables

n normality tensor, n = %S

q

P

von Mises equivalent stress, q = \/%S :S—0q/0c=n

pressure, p = —%G :I — 9p/0o = —%I
€ elastic predictor pressure, p¢ = —%O'e 3 |
d1,92,q3 GTN fitted model ‘material’ parameters
SN standard deviation of the nucleation strain distribution
S stress deviator
Se elastic predictor deviator



Greek

square unit matrix m x m

strain tensor

elastic strain tensor

plastic strain tensor, €¥ = eqn + %spI
volumetric strain

equivalent plastic strain

- equivalent plastic strain of the fully dense matrix
mean of the nucleation strain distribution
plastic multiplier

stress tensor, o = § —pl

elastic predictor, ¢ = §¢ —p°®Il

flow stress of the fully dense matrix, o9 = op(eg")

yield function

2 (General analysis

2.1 Introduction

This work closely follows Beardsmore et al. (2006); Aravas (1987). Impor-
tant misprints in Aravas (1987) are summarised in Table 1. The summation
convention is used for Latin and Greek indices.

where printed must read
Appendix I, expression for Aq1, third term aAFE[: aa AH:;
Appendix I, expression for Aqs, second and ,(?AH;; g EE:
third terms

Appendix I, expression for Aig, third term | +Aep( +Aeq(
Appendix II, expression for Aqq +Agyp +Aeq

Table 1: Misprints in Aravas (1987).

Finally 0H%/0Ae, and 90H*/0Aeq in Aravas (1987) must be understood
as partial derivatives which take into account all implicit dependencies, i.e.
derived from full differential. For this reason in this report the full differen-
tial notation is used instead: dHy/dAep and dHy/dAgq.



2.2 Assumptions

2.2.1 Pressure-dependent plasticity

It is assumed that the yield function, ®, and the flow potential, g, are
independent of the third stress invariant. Accordingly it is assumed that
both @ and g are dependent on the first and the second stress invariants,
represented by p and q, and on the limited number of scalar state variables,

Hy,o=1,2,...,m:

® = ®(p,q, Ha)

g=9(p,q,Ha)

2.2.2 Associated flow rule

or associated plasticity or normality rule:

ag
00

eP =A
2.2.3 Strain rate decomposition
e=¢€%+¢?
2.2.4 Linear elasticity
€

o=C:e

where

2
@—QGJSym+<K—3G>I®I

or, in index notation:
2
Cijkl = G(51k5)‘1 + 6116jk) + | K— gG 05011
2.2.5 Evolution of state variables

H(x :ho( (ép,O',HB)

4

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)



2.3 Numerical integration

The aim is to calculate the new o and update the state variables, given
several values stored from the last increment.

From (2.5):
0=C:(ef +Ae®)=C:(ef + Ae —AeP) =0°—C: AeP (2.9)
or .
oc=0°—C: <Asqn + 3Aspl> (2.10)
where
0¢ = C: (ef +Ae) =0 +C: Ae (2.11)
is elastic predictor.
(2.2)—(2.3):
. . (0g0q 0gop . (0g 10g
PoA(899 99D A (99,299 2.12
€ (aq 30 " 9pdo aq"" 30p (2.12)

which shows that plastic strain deviator is || to n, or more precisely, it is
equal to eqn. So:

. 0
£p = —/\% (2.14)
(2.13)/(2.14):
. 0g . 0g
_2 -2 = 2.1
€p 3 + €&y ap 0 (2.15)

(2.6)—(2.10):

. 2 1

or
2 2
o= Ge—QGAsqn—gGAepI— <K—3G> Agpl (2.17)

or finally
0 =0°—2GAeqn — KAg, I (2.18)

Splitting into spherical and deviatoric parts:
S =S°—-2GAegqn (2.19)
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p=p°+KAe, (2.20)
(2.19) means S€ || n, hence:

3

n:2qe

se (2.21)
(2.21)—(2.19):

q=q°—3GAgq (2.22)

The full system includes (2.15), (2.1), (2.20), (2.22), (2.8). In finite
difference form:

Q:Aepgg—i-Asng:O (2.23)

D(p,q,He) =0 (2.24)

p=p°+KAegp (2.25)

q=q°—3GAgq (2.26)

AHy = hy (Aep, Aeq,p, q, Hp) (2.27)

Following (Beardsmore et al., 2006) we solve the system (2.23),(2.24)

and (2.27) simultaneously for Aep, Aeq and AHg.

2.4 Linearisation moduli

This assumes backward Euler method. From (2.9):

1
oc=C:(e—¢€} —gAspI—Aaqn) (2.28)
1 0
0o =C: (66—6A£p1—aAsqn—A£qn : 6(r> (2.29)
3 oo
where it easy to show that:
on 1 /3., 1
— ==V I®I— 2.
%0 g (23 5 ® n®n) (2.30)

Now 0Aegp and 0Aeq in terms of d0.
Using (2.23):

9g 99
0 (Asp aq> +0 (Aeq ap> =0 (2.31)
o G} 0 0 0
9 9 9 9
0Ae, 3 + Aepaaq + 0Aeq op + Asqaap =0 (2.32)
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where using (2.2):

dg 92g op 0%gdq 9%g
099 _ %, 7990 oH 2.33
oq <6q6p60'+6q2 o0 ) %% T qoH, O (2:33)
and d 2gdp  d%g d 02
g g dp g g g
029 _ (29 %993 oH 2.34
op <ap260'+apaq60') Ot apoH, O (2.34)
(2.33), (2.34)— (2.32):
0g 1 9%g 0%g d%g
ey 9t Aey [(—2 2914+ 99, 00 oH
g o K 30qop 0q®") 9% T aqar, e
dg 19%g d%g 9%g
e+ aeq | (2297 00+~ 9 BH.| =0 (2.35
s+ e | (g dlt groan) 10+ gt oa] <0 35)
0(2.24):
100, 30 20
1 Pn) teo+ L oM, = 2.
( 33p +aqn> U+aH“ « (2.36)
Since Hee = HE, + AHa, 9AH = 0Hg. From (2.27):
e e Oy, Oha. Ohg
Oy = % JAey + 1% A d d OHg  (2.37
%= acy 08t ga, OAe T 5100+ 5 ROp Gy TOHe (2:37)
or
O Oha Oh 1 0hy O
Mo = % A + S gae + Doy g — - ey g 4 e gy
T e T aAe, PP T g O3y 00 T o, O
(2.38)
or
e e M M 1 Oha
My — 2%, = T gae 1+ T gae 1+ T 50— — Ty
T O P T dAeg Ot T dAe, P T g M0 T3y °
(2.39)
or
oh oh oh 10h
1 o o o o
Mg = % dAeq + X dAe, + %0 9o — - ST g (2.40
CapOHE = Gae, 0800 T ga, 00 T 5 M1 00 — g5 1100 (240)
where S,
-1 _ 103
Finally
dhg dhg dhg  10hg
OHy = B JAeg + B g Rl PR AR
o= Cop (E)Aeq 97 3Ae, Eer(aqn 3 p “
(2.42)

(2.42)— (2.35),(2.36) the following system is obtained:



AllaAEp +A126Asq = (B11I +Bygan) : 0o
AglaAEp + AQQaAEq = (Bg1I + Bogn) : 0o

where
Al = gg + <Aspa$§[“ + Aeg a;?sglo) Cap aa;ﬁp
Ay = gg + (Aepa;;gwx + Aeg a;;ia) Cup aaAhsﬁq
Ag = ;_(icocﬁaagi’
Agg = :]_(icocﬁ aaAhfq

1 9%g 9%g ohg
By = -A
= 37 <6qap T 3qoH. <*P ap >

1 9%g 9%g ohg
op? Cob
p°  OpdH. op

9%g d%g ohp
B = —A —
. o (5t * e 34 )

d%g d%g ohg
A
tq (apaq * apat. “*P g >

g _ 1(30 20  dhg
17 3\ 9p " oH. *Pop
00  0®  dhg
B _ (2= Y i3
22 (aq T 3HL “*F 3g )

The system (2.43)-(2.44) has the following solution:

0Aep = (Mpil +Mpnn) : 0o

where AoB AR
22B11 — A12Bo1
Moy —
Pl det A
A2oB12 — A12Ba
Mo —
pn det A
A11Ba1 —A21B11
M1 —
at det A

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)
(2.51)

(2.52)

(2.55)
(2.56)

(2.57)



~ A11Bag —A91Byo

Mgn = 2.
qn det A (2.58)
and
det A = A11A9 — A12A9 (2.59)
(2.53),(2.54) —(2.29):
1
00 =C:|0e— g(MpII +Mpnn): 0o ®1
on
—(MqiI +Mgnn) : ac®n—Asq% 100 (2.60)

or rearranging:

1 1 0
(e: (Mp11®1+3MpnI®n+ Mq1n®I+qun®n+A€qaZ) +9> 100

3
=C:0e (2.61)
or
(M+C1):00=0e (2.62)
SO
D=(M+e 7 (2.63)
where

1 1 on
M= §MPII @I+ §l\/l][,nl @n+MgmeI+ qun®n—|—A£q% (2.64)

or, expanding the last term, and replacing J%¥™ with J, since both sides in
(2.62) are symmetric:

1 A 1 A A
M = (Mpl - Eq) I®I+§Mpn1®n+MqIn®I+ (qu - C£|q> n®n+32€q

3 2q
(2.65)

J

3 GTN model

3.1 GTN yield function and state variables
The flow potential and the yield function of the GTN model are:

2
3
O=g= ((?()) + 2q1f cosh <2q§:> —(1+qsf*) =0 (3.1)

where
00 = 0oleg’) (3.2)
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is the flow stress of the fully dense matrix as a function of the equivalent
plastic strain of the fully dense matrix, eg*. As shown by Aravas (1987) eq* #
€q. €q Is a macroscopic characteristic of material related to macroscopic
plastic strain rate tensor, used in the flow rule, whereas 531 is a microscopic
property.

Accordingly there are two state variables in the GTN model - void vol-
ume fraction, f, and sgl.

The equivalent plastic work principle:

(1—flopet =0 : €P (3.3)
or . '
in _ —PE&p T d&q

€3 (1 flog (3.4)

Also after Aravas (1987):

f="fgr + fruct (3.5)

where fgr is void volume rate due to growth of existing voids:

fgr = (1 —"1)ep (3.6)
and fnucl is void volume rate due to nucleation of new voids:

fruct = Al (3.7)

N 1 /el _€N>2
A— (e TN 3.8
SNV 2T P [ 2 < SN (3:8)

n(em —e 1 /el —e¢ 2 eMm —¢
A’:—Mexp [_ <qN> ] :_qiNA (3'9)

3 2
S\ V2T SN SN

fn is a volume fraction of void nucleating particles. No void nucleation
is assumed for compressive stress, p > 0. This seems to be what Abaqus’
*V0ID NUCLEATION option is doing.

In finite difference form the evolution of state variables is:

- —pAep +qlAeq
1 sq (1 _f)o_o 1 (3 O)
AHQ = Af = (1 — f)AEP + AAEHI = h.2 (311)

(3.10),(3.11) complete the full system of equations for GTN case. The
full system thus consists of 4 equations (2.23),(2.24),(3.10),(3.11), where p
and q are defined by (2.25),(2.26).
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3.2 Simulation of void coalescence

Following Tvergaard and Needleman (1984):

2
O=g= <(:'0> +2q:f* cosh (3;;;) —(1+q3f2) =0 (3.12)

where

<
e { f f<fe (3.13)

fc‘i‘(f_fc)(ftt_fc)/(ff_fc) f>fc

fc is the critical value of the void volume fraction, and f¢ is the void volume
fraction at fracture (no load bearing capacity), 7, is the value of f* at zero

stress: ;
fro= LT VA8 (3.14)
qs3
If q3 = q3 then f;, = 1/q;. This is the case originally proposed by
Tvergaard and Needleman (1984). If q3 = 0 then f}, = 1/2q;.

3.3 GTN partial derivatives

In the following the f* form of the flow potential and the yield function is
assumed as in (3.12). If one does not want to use f* function then one has
to use fo > 1. In that case f* = f.

3q2p 9%g 2
a= 5 (3.15) 242 = o7 (3.20)
2
9 _, (3.21)
df* 1 f < fe 0paq
=9 fr—f.
df r—— f>fe
(3.16) 0%g _ d%g _
OpoH;  OpdAef
* 3q1q2f*0'6 .
99 _34m®l 5. @3an) — gz (sinha

op 0o 00
+acosha) (3.22)

99 _ 29
- (3.18)
oq o© 02 22
OpoH,  OpdAf
0’9 _ 9q195f* 3q1qz . , df*
a2 = 202 cosh a (3.19) o sinh a T (3.23)
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% _ g _ 4q
dqdH; ~ dqdAel  op
(3.24)
d%g 9%g
= = 2
0qO0Hy  0qOAf 0 (3:25)
0g _ ag
OH;  dAep
o (297 .
6(2)<G()+3q1q2f psmha 3.26)

g 09
dHy — OAf
df*
df

2(qy cosh a — q3f™)

oh;  pAegp —qleq
O0H; (1 — f)GO

oh;  —pAep + qAeq

aHQ - (1 — f)20'0
Oho
o =A+A AT
oM, + €q

3.4 Jacobian

(3.27)

(3.28)

(3.29)

(3.30)

ohy Ae,,
- = — 3.32
op (1—"f)oy ( )
= 3.33
o0 ~(—fog 3
ah1 P
=— 3.34
0Ae, (1—"F)og ( )
6h1 q
= 3.35
Ohy
— =0 3.36
ap (3.36)
Ohy
—_— = 3.37
r (3.37)
Ooho
=1—1 .
T (3.38)
Ohy
e (3.39)

Most numerical algorithms will use jacobian to calculate the next approx-
imation. If the time step is small (explicit dynamic analysis) the forward
difference approximation of jacobian is enough for a quick convergence. How-
ever, for large time increments (quasi static analysis, implicit solvers) this
approximation is too inaccurate. Hence jacobian must be provided. Here

we derive the GTN jacobian.

The 4 equations of a GTN step are (2.23), (3.12),(3.10), (3.11):

d d
f, :Aap£+Aeq£ =0

(3.40)
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2
fo=g= <q> +2q:* cosh <3q2p> (14 qsf2) =0 (3.41)
(o)) 20‘0
fs = Aeg (1 —f)og + pAep — qAeq =0 (3.42)

fy=Af — (1 —f)Aep —Alegd =0 (3.43)

and the variables are x; = Agp, xo = Agq, X3 = Asgl, x4 = Af. With that
the jacobian is Ji; = 0f;/0x;.
(3.17),(3.18)—(3.40):

2
£ = Aspo—g +3q1q2f* Aegsinh a = 0, (3.44)

a is defined by (3.15), so:

da  3qqK da  3qq2p

' = — 3.46
dAep, 200 (3.45) OAe 202 ° (3.46)
of of 1 9 "
]11 = aixi = aA; = 070 <2q + iqlq%f KAEq cosh a> (347)
P
of of 6GAe .
q
af1 6f1 (YIO 9 2
- = =—"Y1{92gA — f*pA h 3.49
Ji3 oxs  OACT o qAgp + 5d192T pAgq cosha (3.49)
_ofy  ofp . df*
0fy 0fy ag 3]((]1(]210'< .
i =K=—==—"""_ginh 3.51
Ja Oox1  0Agp op 0o i ( )
0fqy 0fg ag 6Gq
22 _ =362 =_""1 3.52
J2 =5, e dq o2 (3:52)
of of: o) [2q® . . :
Jos = axz — aA.st — _07(2) ((?0 + 3q1qof*psinh a) , as in (3.26) (3.53)
q 0
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0fy B 0fy df*

Jou = Fary v 2(q1 cosh a — qsf™) TR in (3.27)

Ja1 = gi‘j = aaAfsp — KAep +p

Js2 = SZ = aaAfsq =3GAeq — ¢

Js3 = gz — 622331 = (1 —f)(0o0 + Aegop)

Jsa = SZ = % = —Aegtop

Ja = gz = aaAf;p =—(1—1)

Jao = Ofs _ 0fa _
0x9 0Aeq
Jaz = SZ, = 621;431 =—A'Aegt — A

]4422)2:66;?:14-A5p

3.5 Solution step by step

O, 0o(t), ft, eq'(t) must be saved from the previous increment.

1. c¢=0¢+C: Ae
2. p¢,S¢,q%,n (2.21); f* (3.13)
3. Agp = Aggq :Aegl:Afzo

4. 09, 0y, - user defined law

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)

5. Solve (2.23),(2.24),(3.10),(3.11). Use DNSQ (Hiebert, 1980b) or DNLS1

(Hiebert, 1980a).
6. p=p°+KAep; g =q° —3GAeq;

7. f=fi+Af; eft = s?ﬂ(t) + Aegt

8. AeP = Asqn—i-%AepI; Ae® = Ae—A€P; €® = ef+Aef; €P = €] +A€P
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9. S:%ln; o=S—pl
For UMAT only:

10. (3.15)-(3.39), (2.41), (2.45)-(2.52), (2.59), (2.55)-(2.58).
11. M, D (2.64),(2.63)

3.6 Numerical solution

I tried to use the Levenberg-Marquardt (Moré, 1978; Hiebert, 1980a) and
the Powell dog leg (Powell, 1970; Hiebert, 1980b) algorithms. We use the
matrix notation in this section: x = xy,f = fi,J = Jj;.

3.7 Levenberg-Marquardt algorithm

The LM implementation available in Slatec library as DNLS1 routine (Hiebert,
1980a) requires the user to supply the functions, f, and the Jacobian, J (we
are discussing a situattion of large time steps where the forward difference
approximation of Jacobian is not accurate enough). In LM algorithm we
are searching for a local minimiser of ||f(x)|[?. If x* is the exact solution to
f = 0, then we are looking to find a solution x, which is close enough to
x*, or such that ||f(x*)||? is close enough to [[f(x)|[?>. Accordingly the two
convergence criteria in DNLS1 are:

A < e,|IDx| (3.63)
Iral < efand vp < ef and :—a <2 (3.64)
P
If p is the current step, then the actual reduction is
. :1_<|f(x+p)”)2 (3.65)
¢ [1£(x)l

and the predicted reduction is

||Jp||>2 ( 1/2||Dp||>2
Ty = | —— +2( AN/ P—— 3.66
P ( el il (366)

D is the diagonal matrix of scaling factors. A is the Levenberg-Marquardt
parameter, found from the least squares solution of:

<?\1;]2D >P=—<g>, (3.67)

subject to constraint that A = 0 if |[Dp|| < A, or A > 0 if |[Dp|| = A, where A
is the trust region (Moré, 1978). Note that in DNLS1 (actually in DMPAR, its
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subsidiary routine) the constraint is implemented slightly differently: A =0
if | Dp|l — A < 0.1A, or A > 0 if |(||Dpl| — A)| < 0.1A.

Initially, A = k|[Dx|| if ||Dx|| # 0 and A = k otherwise. k is a user
specified factor, typically k € (0.1,100). On the following iterations, A is
updated based on the success of the previous iteration, as measured by the
gain function,

Because on each call of UMAT/VUMAT x is unpredictable, I always
start from x = 0. Hence initially A = k. I choose k = 100. Either too small
or too large k can be fatal for the algorithm.

3.8 Powell dog leg algorithm

As in LM, functions and the Jacobian must be supplied. Two convergence
criteria are implemented: (1) the exact answer is found (within machine
tolerance), i.e. ||f|| = 0, and (2) criterion (3.63), where A and D have the
same meaning as in LM.

3.9 Books

Useful books for non-linear optimisation: Rabinowitz (1970); Gill and Mur-
ray (1974); Fletcher (1980); Gill et al. (1981); Powell (1982); Scales (1985);
Nocedal and Wright (1999).
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