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Rousselier’s continuous ductile damage model (Rousselier, 1981; Rousselier, 1987) is a popular alter-
native to GTN. Thebasics of integration of pressure dependent plastic model such as GTN or Rousselier’s
have been studied in detail (Aravas, 1987).

1. Preliminaries

Bold symbols denote tensors of rank 1 (vectors) and 2. Helvetica symbols denote tensors of rank 4.

Strain rate decomposition is assumed:

Ε̇̇Ε = ε̇̇ε e + ε̇̇ε p

whereΕΕ is the total small strain. This unusual notation for small strain helps simplify notation later. In
finite differences:

∆ΕΕ = ∆εε e + ∆εε p

To simplify notation we introduce the following definitions:

εε ≡ ∆εε p ; ε p ≡
1

3
trεε ; e ≡ εε − ε pI ; ε q ≡ (

2

3
e: e)½

σσ is the stress tensor

p ≡ −
1

3
trσσ ; S ≡ σσ + pI ; q ≡ (

3

2
S: S)½

Existence of pastic potential,g, is assumed. Typically, the plastic potential is the same as the flow
surface,F . The plastic potential is a function of 2 stress invariants,p andq, and of some internal variables,
α i:

g = g(p, q,α i)

The normality rule is:

εε = λ
∂g

∂σσ
= λ


∂g

∂p

∂p

∂σσ
+

∂g

∂q

∂q

∂σσ



where from above

∂p

∂σσ
= −

1

3
I ;

∂q

∂σσ
=

3S
2q

≡ n

so that

σσ =
2

3
qn − pI ; εε = e + ε pI = λ


−

1

3

∂g

∂p
I +

∂g

∂q
n



sincen andI are orthogonal in stress-strain space, i.e.n: I = 0, we have

e = λ
∂g

∂q
n ; ε p = −

1

3
λ

∂g

∂p

and
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ε q ≡ (
2

3
e: e)½ = λ

∂g

∂q
(
2

3
n: n)½ = λ

∂g

∂q

1

q
(
2

3

3

2

3

2
S: S)½ = λ

∂g

∂q

Expressingλ from this and the previous expression forε p:

ε q
∂g

∂p
= −3ε p

∂g

∂q

or finally the normality rule leads to:

ε q
∂g

∂p
+ 3ε p

∂g

∂q
= 0

This important expression forms one equation in a system of non-linear equations to solve for ε q andε p.
Importantly, this equation is valid for GTN and the Rousselier’s model, and possibly for other pressure
dependent models.

Also it’s easy to see thatεε can now be written as

εε = ε pI + ε qn

which can be combined with elasticity to give the two remaining expessions. Elasticity:

σσ = C: εε e

whereC is rank 4 elasticity tensor and

εε e = εε e
t + ∆εε e = εε e

t + ∆Ε − εε

so that the elasticity statement becomes

σσ = C: (εε e
t + ∆Ε − εε ) = σσ e − C: εε

The elastic tensor is

C = 2GI + (K −
2

3
G)I⊗I

whereI is the rank 4 identity tensor. So

C: εε = C: (ε pI + ε qn) = (2GI + (K −
2

3
G)I⊗I): (ε pI + ε qn) = 2Gε pI + 2Gε qn + 3(K −

2

3
G)ε pI = 2Gε qn + 3Kε pI

Just as withσσ , σσ e can be split alongn andI tensors:

pe = −
1

3
trσσ e ; Se = σσ e + peI ; qe = (

3

2
Se: Se)½

so that

σσ = S − pI = Se − peI − 2Gε qn − 3Kε pI

which splits alongn andI:

S = Se − 2Gε qn ; p = pe + 3Kε p

where the first equation means thatSe∝n, hence

n =
3Se

2qe
→ Se =

2

3
qen

and expressingS via q:

2

3
qn =

2

3
qen − 2Gε qn → q = qe − 3Gε q

For later we’ll need the derivatives:

∂p

∂ε p
= 3K ;

∂q

∂ε q
= −3G
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2. Rousselier’s plastic potential

Rousselier’s notation usesσ m andσ eq which in our notation arep = −σ m andq = σ eq. The harden-
ing (flow) function isH(ε q). In that notation the Rousselier’s plastic potential is:

g =
q

ρ
+ BD exp

−p

ρσ1
− H

where all other terms are as in (Rousselier, 1987).

So the derivatives are:

∂g

∂p
=

−1

ρσ1
BD exp

−p

ρσ1
;

∂g

∂q
=

1

ρ

with that the normality rule becomes:

ε q
−1

ρσ1
BD exp

−p

ρσ1
+ 3ε p

1

ρ
= 0

or

ε p − ε q
BD

3σ1
exp

−p

ρσ1
= 0

which is identical to Eqn. (38)b in (Rousselier, 1987).

Finally, H is the hardening function of the total equivalent plastic strain,Εq:

H = H(Εq)

whereΕq = Εq(t) + ε q. Hence

H ′ =
dH

dε q
=

∂H

∂Εq

dΕq

dε q
=

∂H

∂Εq

3. Damage variable and density

The system of equations becomes complete with the addition of the damage evolution function and
the expression for density. These are taken directly from Eqns. (39)b, (45) and (46) in (Rousselier, 1987).
In our notation these are:

∆β = ε q D exp
−p

ρσ1

ρ(∆β ) = (1 − f0 + f0 exp β )−1

B(∆β ) = σ1 f0 exp β ρ

whereβ = β t + ∆β , and β t is the damage variable saved from the previous time/load increment.

For later we’ll need the derivatives:

∂ρ
∂∆β

= −(1 − f0 + f0 exp β )−2 f0 exp β = −ρ2 f0 exp β

∂B

∂∆β
= σ1 f0




∂ exp β
∂∆β

ρ + exp β
∂ρ

∂∆β



= σ1 f0(expβ ρ − ρ2 f0(expβ )2) = σ1 f0ρ exp β (1 − ρ f0 exp β )

4. Numerical problem formulation

There are 3 unknowns:ε p, ε q and∆β . These are found by a solution of a system of 3 non-linear
equations - plastic potential equal to zero, normality rule and the evolution of the damage variable. Using
optimisation notation we can formulate the problem as:

x = (ε p, ε q, ∆β )
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f = f(x) = ( f1(x), f2(x), f3(x))

We want to minimise some norm off, most typically the 2nd norm.We denote byx* the vector of argu-
ments that minimises the norm.

x* = minx |f(x)|2

The numerical solution will require the Jacobian:

J =
∂f
∂x

In the following we derive explicit expressions forf andJ.

f1 = g =
q

ρ
+ BD exp

−p

ρσ1
− H = 0

f2 = ε p − ε q
BD

3σ1
exp

−p

ρσ1
= 0

f3 = ∆β − ε q D exp
−p

ρσ1
= 0

or introducing

z = z(ε p, ∆β ) = D exp
−p

ρσ1

∂z

∂ε p
= z

−1

ρσ1

∂p

∂ε p
;

∂z

∂∆β
= z

−p

σ1

−1

ρ2

∂ρ
∂∆β

= z
p

σ1ρ2

∂ρ
∂∆β

the system can be written as:

f1 = g =
q

ρ
+ Bz − H = 0

f2 = ε p − ε q
Bz

3σ1
= 0

f3 = ∆β − ε q z = 0

Components of Jacobian:

∂ f1

∂x1
=

∂ f1

∂ε p
= B

∂z

∂ε p
;

∂ f1

∂x2
=

∂ f1

∂ε q
=

1

ρ
∂q

∂ε q
− H ′ ;

∂ f1

∂x3
=

∂ f1

∂∆β
= q

−1

ρ2

∂ρ
∂∆β

+ B
∂z

∂∆β
+

∂B

∂∆β
z

∂ f2

∂x1
=

∂ f2

∂ε p
= 1 −

ε q B

3σ1

∂z

∂ε p
;

∂ f2

∂x2
=

∂ f2

∂ε q
= −

Bz

3σ1
;

∂ f2

∂x3
=

∂ f2

∂∆β
= −

ε q

3σ1




∂B

∂∆β
z + B

∂z

∂∆β



∂ f3

∂x1
=

∂ f3

∂ε p
= −ε q

∂z

∂ε p
;

∂ f3

∂x2
=

∂ f3

∂ε q
= −z ;

∂ f3

∂x3
=

∂ f3

∂∆β
= 1 − ε q

∂z

∂∆β
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